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GENERALIZED B-FREDHOLM BANACH 
ALGEBRA ELEMENTS 

MILOS D. CVETKOVIC, ENRICO BOASSO, 

AND SNEZANA C. ZIVKOVIC-ZLATANOVIC 


Abstract. Given a (not necessarily continuous) homomorphism be¬ 
tween Banach algebras T: A —> B, an element a € A will be said to 
be B-Fredholm (respectively generalized B-Fredholm) relative to T, if 
T{a) G B is Drazin invertible (respectively Kolilia-Drazin invertible). In 
this article, the aforementioned elements will be characterized and their 
main properties will be studied. In addition, perturbation properties will 
be also considered. 


1. Introduction 

The Atkinson theorem states that necessary and sufficient for a Banach 
space operator to be Fredholm is that its coset in the Calkin algebra is 
invertible. This well known result led to the introduction of a Fredholm 
theory relative to a Banach algebra homomorphism, see mi. This theory 
has been developed by many authors, which have also studied other classes 
of objects such that Weyl, Browder and Riesz Banach algebra elements 
relative to a (not necessarily continuous) homomorphism, see for example 

HD H2l U31HHI2DI UDl I2H151 HSl HI IBH11221 

Recall that the theory of Fredholm operators was generalized. In fact, 
the notion of B-Fredholm operator was introduced and studied, see section 
2 or [2j [23]• In addition, given X a Banach space and T G C{X) a bounded 
and linear map, according to [JJ Theorem 3.4], T is B-Fredholm if and only 
if 7 f(T) G C(X)/T(X) is Drazin invertible, where J~(X) denotes the ideal 
of finite rank operators defined on X and i f : C(X) -A C(X)/jF{X) is the 
quotient homomorphism. This Atkinson-type theorem for B-Fredholm op¬ 
erators leads to the following definition. Let A and B be two complex unital 
Banach algebras and consider a (not necessarily continuous) homomorphism 
T : A — >■ B. The element a G A will be said to be B-Fredholm (respectively 
generalized B-Fredholm) relative to T, if T(a) G B is Drazin invertible 
(respectively Koliha-Drazin invertible). 

The main objective of this article is to study (generalized) B-Fredholm 
Banach algebra elements relative to a (not necessarily continuous) homo¬ 
morphism. In section 3, after having recalled some preliminary facts in sec¬ 
tion 2, the aforementioned elements will be characterized and studied. What 
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is more, B-Weyl and B-Browder elements will be also considered. On the 
other hand, in section 4 perturbation properties of B-Fredholm elements 
will be studied and in section 5 perturbations of (generalized) B-Fredholm 
elements with equal spectral idempotents with respect to a (not necessarily 
continuous) homomorphism will be considered. 

2. Preliminary Definitions and Facts 

From now on A will denote a complex unital Banach algebra with iden¬ 
tity 1. Let A -1 , , A ri g ht , A * and A ml denote the set of all invertible 

elements in A, the set of all left invertible elements in A, the set of all right 
invertible elements in A, the set of all idempotents in A and the set of all 
nilpotent elements in A, respectively. Given a E A, cr(a ) and isocr(a) will 
stand for the spectrum and the set of isolated spectral points of a E A, 
respectively. Recall, if K C C, then acc K is the set of limit points of K 
and iso K = K \ acc K. 

An element a E A is said to be Drazin invertible, if there exists a neces¬ 
sarily unique b E A and some k E N such that 

bab = b, ab = ba, a k ba = a k . 

If the Drazin inverse of a exists, then it will be denoted by a d . In addition, 
the index of a, which will be denoted by ind(a), is the least non-negative 
integer k for which the above equations hold. When ind (a) = 1, a will 
be said to be group invertible, and in this case its Drazin inverse will be 
referred as the group inverse of a; moreover, it will be denoted by aK The 
set of all Drazin invertible (respectively group invertible) elements of A will 
be denoted by A v (respectively A 1 *); see [9] [TH, 2Sj- 

Recall that a E A is said to be generalized Drazin or Koliha-Drazin 
invertible, if there exists b E A such that 

bab = b, ab = ba, aba = a + w, 

where w E A qnd (the set of all quasinilpotent elements of A). The Koliha- 
Drazin inverse is unique, if it exists, and it will be denoted by a D ; see 

HZ1 Eg Eg EZ| • 

Note that if a G A is Drazin invertible, then a is generalized Drazin 
invertible. In fact, if k — ind (a), then ( aba — a) k = 0. In addition, according 
to ESI Proposition 1.5] (see also [IT, Theorem 4.2]), necessary and sufficient 
for a G A to be Koliha-Drazin invertible but not invertible is that 0 G 
iso a (a). The set of all Koliha-Drazin invertible elements of A will be denoted 
by A K ' V . 

Recall that given a Banach algebra A, a subset TZ C A is said to be 
a regularity, if the following two conditions are satisfied (see for example 

mmy 

(i) Given a G A and n G N, a G TZ if and only if a n G 7 Z. 

(ii) If a,b, c, d G A are mutually commuting elements satisfying ac + bd = 
1, then necessary and sufficient for ab E 71 is that a,b E TZ. 
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Given a regularity 1Z C A, it is possible to define the spectrum of 
a G A corresponding to TZ as cr-jz(a) = {A G C: a — A ^ 7Z} (a G A). 
This spectrum satisfies the spectral mapping theorem for every a G A 
and every analytic function defined on a neighbourhood of a (a) which is 
non-constant on each component of its domain of definition; see [TS1 The¬ 
orem 1.4], In particular, according to [31 Theorem 2.3] and [19, Theorem 
1.2], the sets A D = {a G A: a is Drazin invertible} and A K,V = {a G 
A: a is Koliha-Drazin invertible} are regularities, respectively. The corre¬ 
sponding Drazin and Koliha-Drazin spectra will be denoted by cr-p(a) and 
cpcd(«), respectively. 

Let X be a Banach space and denote by C{X) the algebra of all bounded 
and linear maps defined on and with values in X. If T G C(X), then T _1 (0) 
and R{T ) will stand for the null space and the range of T respectively. Note 
that / G C(X) will denote the identity map of X. In addition, IC(X) C C(X) 
will stand for the closed ideal of compact operators. Consider C(X) the 
Calkin algebra over X, i.e., the quotient algebra C(X) = C(X)/IC(X). Recall 
that C(X) is itself a Banach algebra with the quotient norm. Let 

7r: C(X) ->C(X) 

denote the quotient map. 

Recall that T G C(X) is said to be a Fredholm operator, if T _1 (0) and 
X/R[T) are finite dimensional. Denote by < L(<T) the set of all Fredholm 
operators defined on X. It is well known that $(X) is a multiplicative open 
semigroup in C(X) and that 

<$>{X) = K-\C{X)- 1 ). 

Atkinson’s theorem motivated the Fredholm theory relative to homomor¬ 
phism between two Banach algebras as well as the introduction of Browder 
and Weyl elements relative to a such homomorphism. This theory was in¬ 
troduced in m- Next follow the main notions. 

Definition 2.1. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —)■ B. An element a G A 
will be said to be 

(i) Fredholm, if T(a) is invertible in B ; 

(ii) Weyl if there exist b,c G A, b G Al -1 and c G T _1 (0), such that a = b+c ; 

(iii) Browder, if there exist b,c G A, b G A" 1 , c G T _1 (0) and be = cb , such 
that a = b + c. 

It is worth noting that the definitions of Weyl and Browder elements are 
also motivated from the Banach space operator case (see HD p.431]). The 
sets of Fredholm, Weyl and Browder elements relative to the homomorphism 
T: A —)• B will be denoted by IFt(A), Wr(Al) and Br(A), respectively. 
Naturally, these sets lead to the introduction of the corresponding spectra. 

Definition 2.2. Let A and B be two unital Banach algebras and consider 
a (not necessarily continuous) homomorphism T : A —> B. Given a G A, 
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the Fredholm spectrum, the Weyl spectrum and the Browder spectrum of a 
relative to the homomorphism T : A —> B is 

(i) ajr T (a) = {AeC:a-A£ F T {A)} = <r(T(a)), 

(ii) (Jvy 7 -(o) = {A G C '.cl — A ^ Wr(Al)}, 

(iii) <Jb t \o) = {AeC:a-A^ B T (A)}, 
respectively. 

It is clear that Bj-{A) C Wy(Al) C J~t(A) and that aj^ T (a) C ayv r ( a ) C 
cr Br (a) C cr(a). Also it is known that the sets o> r (a), cr Wr (a) and crg r (a) 
are non-empty and compact. To learn the main properties of these objects, 
see for example [III 121 [131 [El |20l [lOl [2H El H51 H 1301 [221 EH [32]. 

Recall that an operator T G C(X) is said to be B-Fredholm, if there 
is n G N such that R{T n ) is closed and T \C(R(T n )) is Fredholm, 
see [2J 23]. Denote by BJ-'(X) the class of B-Fredholm operators defined on 
the Banach space X. According to [4J Theorem 3.4], T G BJ-(X) if and 
only if 7r(T) G (£(A)/ T(X )) v , where F(X) denotes the ideal of finite rank 
operators defined on X and i f : £(A) —> C(X)/F'(X) is the quotient homo¬ 
morphism. In addition, given a Hilbert space Ft, according to ph Theorem 
3.12(h)], 7T (BTIFL)) = C(FL) D . Moreover, B-Weyl operators were introduced 
in j3] and according to [3j Corollary 4.4], T G C(X) is a B-Weyl if and only 
if T = S + F, where 5 G C(X) V and F G F(X). 

On the other hand, the classes of Riesz-Fredholm and power compact- 
Fredholm operators on the Banach space X were introduced in [7] and they 
will be denoted by 7 ZT(X) and VKFF(X), respectively. According to [H 
Theorem 3.11], n(nT(X)) = C(X) KV and n(V1CT(X)) = C(X) V . 

These observations led to the following definition. 

Definition 2.3. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T: A —> B. An element a G A 
is said to be 

(i) B-Fredholm (respectively B-Fredholm of degree k ), if T(a) G B v (respec¬ 
tively T(a) G B v and ind T(a) = fc); 

(ii) B-Weyl (respectively B-Weyl of degree k ), if there exist b, c G A, b G A v 
(respectively b G A v and ind b = k ) and c G T _1 (0), such that a = b + c; 

(iii) B-Browder ( B-Browder of degree k ) if there exist b,c G A, be — cb, 
b G A v (respectively b G A v and ind b = k) and c G T _1 (0), such that 
a = b + c; 

(iv) generalized B-Fredholm , if T(a) G B 05 ; 

(v) generalized B-Weyl , if there exist b, c G A, b G A KV and c G T -1 (0), 
such that a = b + c; 

(vi) generalized B-Browder , if there exist b,c G A, be = cb, b G A KV and 
c G T -1 (0), such that a = b + c. 

The set of B-Fredholm (respectively B-Fredholm of degree k, B-Weyl, 
B-Weyl of degree k, B-Browder, B-Browder of degree k, generalized B- 
Fredholm, generalized B-Weyl and generalized B-Browder) elements of the 
unital Banach algebra A relative to the homomorphism T : A —>• B will be 
denoted by BiFr(A) (respectively BJ r !^\A), BWr(A), BWt\A), BBq-{A), 
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BB^(A), QBTr(A), QBWr(A) and QBBr(A)). Next the corresponding 
spectra will be introduced. 

Definition 2.4. Let A and B be two unital Banach algebras and consider 
a (not necessarily continuous) homomorphism T : A —> B. Given a G A, 
the B-Fredholm spectrum, the B-Weyl spectrum, the B-Browder spectrum, 
the generalized B-Fredholm spectrum, the generalized B- Weyl spectrum and 
the generalized B-Browder spectrum of a relative to the homomorphism 
T: A B is 

(i) ° r BJ'r( a ) = {AGC:a — A^ BTq-(A)} = ax>(T(a)), 

(ii) o r gyy 7 -(ci) = {A G C : a — A ^ BW'j-(A)}, 

(iii) cp 3 £ 5 T (ci) = {A 6 C : a — A ^ BB'j-(A)}, 

(iv) og B j T (a ) = {AGC:a-A^ QBT r(A)} = cr k.v(T (a)), 

(v) <7g B yv T (a) = (A G C : a - A ^ QBWr(A)}, 

(vi) vgBB T {a) = {AGC:a-A£ QBB r (A)}, 
respectively. 

Remark 2.5. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —)■ B and a G A. Then, 
it is not difficult to prove the following statements: 

(i) F r (A) C BFt(A) C QBT t (A). 

(ii) BT r (A) + T~\ 0) = BT r (A). 

(iii) W t (A) C SW r (i) = A v + T~\ 0 ) C ^ + r“ 1 ( 0 ) = ^W T (i) and 
Br(A) c BBr{A) c gBBr(A). 

(iv) A D c RR r (A) c BWr(A) C BF r (A) and A 0 ® C QBB r (A) C 
£BW r (A) C eBT r (4). 

(v) s&F r (A) + r-'(o) = £RP r (A- 

(vi) A® c A*® c 0RF r (A). 

(vii) a gB T T (a) C a B j- r (a) C o> r (a). 

(viii) cr gBV v r (a) C a B w r (a) C crw r (a) and a eBBr (a) C a B B T ( a ) £ <R? T ( a )- 

(ix) a B j- r (a) C cr BV v r (a) C cr BBr (a) C a© (a) and cr ge j- r (a) C crg H >v r (a) C 
cgBB T (a) G cr/cx»(a). 

(x) <7g BTr (a) C ^(a) C <7 d(o). 

Finally, given 5 C A, Poly _ 1 (S') = {a G A: 3 p G C[X],p 7 ^ 0 and p(a) G 
S'}, where C[X] is the algebra of complex polynomials. In particular, Poly _1 ({ 
0 }) is the set of algebraic elements of A 


3. Generalized B-Fredholm elements 

In this section, the basic properties of the objects studied in this work 
will be considered. To this end, however, first it is necessary to recall some 
facts. 

Remark 3.1. Let A be a unital Banach algebra and consider a G A. Recall 
that according to [5l Theorem 12(iv)], cr?>(a) = 1(a )U acccr(a), where 1(a) = 
iso a (a) \ 11(a) and 11(a) C isoa(a) denotes the set of poles of a G A ([5} 
Remark 10]). In particular acc cr-p(a) = acc a(a) = cr jcv(a) (|5, Theorem 
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12(iii)] and [l9l Proposition 1.5(i)]). The following statements can be easily 
deduced from this fact. 

(i) Let b £ A. Since av{ob) = &T>(ba) ([6, Theorem 2.3]), cricv(ab) = a^viba). 

(ii) According to py Theorem 2.2], necessary and sufficient for <7 V {a) to be 
countable is that a (a) is countable. As a result, <Jk.v{o) is countable if and 
only if ax>(a) is countable if and only if a (a) is countable. 

In the following theorem the main properties of the (generalized) B- 
Fredholm spectrum will be studied. 

Theorem 3.2. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T: A —>■ B. If a & A, then the 
following statements hold. 

(i) BTr{A) and QBTr{A) are regularities. 

(ii) If f: U —$■ C is an analytic function defined on a neighbourhood of a (a) 
which is non-constant on each component of its domain of definition, then 

VBT T (f( a )) = f (TB-E-t( a ))’ and VgBT T (f( a )) = f( a GBF T ( a ))- 

(iii) crgjr r (a) and cg/ 3 ^ T (a) are closed. 

(iv) obf t {o) = 0 if and only if a £ Poly _1 (T _1 (0)) ; equivalently, T(a) £ 
Poly _1 (0). 

( v ) c r gnj r r( a ) = 0 if and only if acc ojr T (a) = 0. 

(vi) Given a\ and a 2 £ A, crs^ r (aia 2 ) = &BT T ( a 2 a i) and cr gBJ r r( a i a 2) = 
a gBT T ( a 2^1). 

(vii) aHjr r (a) is countable if and only if (JgBT T { a ) is countable if and only 
if a j- r (a) is countable. 

Proof, (i). According to [3, Theorem 2.3] and [19] Theorem 1.2], A v and 
A KV are regularities, respectively. Since T: A —> B is an algebra homomor¬ 
phism, BiFr(A) and QBJ r g-(A) are regularities. 

(ii) . Apply p?] Theorem 1.4] to BTj{A) and QBTj-(A). 

(iii) . Recall that crnjr T (a) = 0 x>(T(a)) and ag B jr T (a) = &K;v(X(a)). Then, 
apply a Proposition 2.5] and |19j Proposition 1.5(ii)]. 

(iv) . Since aej- r (a) = crx»(T(a)), this statement can be deduced from |6] 
Theorem 2.1]. 

(v) . Recall that, according to [19], Proposition 1.5(i)], crggjr r (a) = crKv(T(a)) 
acc a(T(a)) = acc ajr T (a). 

(vi) . Apply [SI Theorem 2.3] and Remark [57X11 if. 

(vii) . Apply [S[ Theorem 2.2] and Remark [3. If ii). □ 

Next, (generalized) B-Fredholm elements will be characterized. To this 
end, however, some notions need to be recalled. 

Let A and B be two unital Banach algebras and consider a (not neces¬ 
sarily continuous) homomorphism T\ A —» B. The kernel and the range of 
the homomorphism T will be denoted by T~ 1 (0) and R(T), respectively. 
Let TZr(A) = {a £ A: T(o) £ B qml } be the set of Riesz elements of A 
relative to the homomorphism T and Nr [A) — {a £ A: there exists k £ 
N such that a k £ T" 1 (0)} = {a £ A: T(a) £ B ni1 } be the set of T-nilpotent 
elements of A; see [7] I3T1 [32] . Clearly, Afj-(A) C TZj-(A). 
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On the other hand, the homomorphism T\ A —>■ B will be said to have 
the lifting property, if given q E B *, there is p E A* such that T(p) = q , 
i.e., T(A') = B *, which is equivalent to the conjunction of the following 
two conditions: T~ l (J3'*) — A* + T _1 (0) and B * C -R(T). This property- 
does not in general hold. Some examples that satisfy the lifting property 
(among others the radical of a Banach algebra or von Neumann algebras) 
were considered in [7, Remark 3.4], In particular, if B * C R{T ) and T has 
the Riesz property, i.e., if for every z E T _1 (0), a(z) is either finite or is a 
sequence converging to 0, then T has the lifting property, see [125, Theorem 
1] and [8], Lemma 2]. Therefore, if T : A —> B is surjective and has the Riesz 
property, then T has the lifting property. 

Theorem 3.3. Let A and B be two unital Banach algebras and consider 
a (not necessarily continuous) homomorphism T: A —>• B. Suppose that T 
has the lifting property. Then, the following statements hold. 

(i) Necessary and sufficient for a E QBT-y^A) is that there exists p E A* 
such that a+p E Ft {A), pa(l—p) and (1 —p)ap E T _1 (0) and pap E 7Zt(A). 

(ii) Necessary and sufficient for a E BFt(A) is that there exists p E A * such 
that a + pE Fr(A), pa( 1 — p) and (1 — p)ap E T _1 (0) and pap E Afr(A). 

Proof, (i). If a E QBFt{A), then T(a) E B KT> . In particular, according to 
na Theorem 4.2], there is q E B* such that qT(a) = T{a)q , T(a) + q E B 1 
and T(a)q = qT(a)q E B qml . Since T: A B has the lifting property, 
there is p E A* such that T(p) = q. 

Now, the identity qT(a ) = T(a)q implies that pa — ap E T _1 (0). How¬ 
ever, multiplying by 1 —p, it is easy to prove that pa( 1 —p) and (1 —p)ap E 
T -1 (0). In addition, since T(a + p) E B _1 , a + p E Tq-{A). Finally, since 
T(pap ) E B qnd , pap E TZr{A). 

Suppose that there exists p E A* such that a + p E T-y^A), pa( 1 — p) 
and (1 — p)ap E T -1 (0) and pap E 1Zj-{A). Consequently, q — T(p) E B* 
and qT(a) = T(a)q , T(a) + q E and T(a)q = qT(a)q E B qml . Thus, 
according to [17|. Theorem 4.2], T(a) E B /CI5 , equivalently, a E QBTy^A). 
(ii). Apply the same argument used in the proof of statement (i), using in 
particular |28, Proposition 1(a)] instead of [T71 Theorem 4.2], □ 

Next some basic properties of the objects introduced in Definition 12.31 
will be considered. 

Theorem 3.4. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —)• B. Then, the following 
statements hold. 

(i) T -1 (0) C r~\B*) C BT r {A). 

(ii) A m C T-\B‘) C BR t (A). 

(m)F-y(A) is a proper subset of BT-y{A). 

(iv) y\i T (A) is a proper subset of BWr(A). 

(v) Bt(A) is a proper subset of BBr(A ). 

(vi) A* \ T~\ 1) c BT t {A) \ T t {A). 

(vii ) If a, b E BT-y^A) are such that ab — ba E T 1 (0), then ab E BJ-’t(A). 
(viii) If a E BWr(A), then a 71 E BWr(A) for every n E N. 
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(ix) If a G BBr(A), then a n G BBr(A) for every n G N. 

(x) SWr(i) \ W t (A) C \ 

(xi) BBr(A) \ B t (A) C &F r (.A) \ ^r(^)- 

(xii) ^ n BJ^GA) c bbV 1} G4). 

(xiii) (x BH ; r (a) = Dcer-^o) ° r ^( a + c ) ( a e A). 

(xiv) a BBr (a) = rUr-Ho),ac=ca + c ) ( a € •*)■ 

(xv) The sets a B vv r (a) and cr BBr (a ) are closed (a G 


Proof, (i). This statement can be easily derived from the inclusions 


{0} C B* C B® 


(ii). Clearly, T(-4*) C B* and B* CB V . 

(hi). Since {0} C B' 1 = 0, then T^O) n F T (A) = T~\ 0) D T^B’ 1 ) = 0. 
Consequently, T~ 1 (0) C BTt{A) \ Tj{A). 

(iv) . Clearly, T _1 (0) C BWr(A). In addition, according to the proof of 
statement (iii), T~ k (fS)r\Wr{A) Q T~ 1 (0)flJ : V(-4.) = 0- Therefore, T _1 (0) C 
BW t (A) \ W t (A). 

(v) . It is clear that T _1 (0) C BBq-{A) \ Bj-{A). 

(vi) . Note that .A*\T _1 (1) C A* C BJ-p(A). In addition, if a G .A*\T _1 (1), 
then T(a) G B* \ B _1 . In particular, a ^ J-j-{A). 

(vii) . Apply [31 Proposition 2.6]. 

(viii). Let a G BWt{A). Then a = b + c, where b G A v and c G T -1 (0). It 
will be proved that a n = b n + x n , where x n G T _1 (0), for every n G N. In 
fact, for n — 1 it is obvious. Suppose that this statement is true for fcGh 
Then, 

a k+1 = a k a = ( b k + x k )(b + c) = b k+1 + ( b k c + x k b + x k c). 

Clearly, b k c + x k b + x k c G T _1 (0). As a result, since b n G A v , a n G 
BW r {A), n G N. 

(ix). Let a G BBj-(A). In particular, there are b G A v and c G T _1 (0) such 
that a = b + c and be = cb. As a result, for every n G N 



Since b n G A v , z = Ylk=i (/]) b n k c k G T x (0) and b n commutes with z, 
a n G BB t (A). 

(x). Clearly, BW T {A) \ W T (A) C BW T {A) C BJr(A). If a G BW r (i) \ 
Wr(-4), then there exist c G A v and d G T _ 1 (0) such that a — c + d. In 
addition, according to (28, Proposition 1(a)], there is p G A* such that 


cp = pc, c + p G A 1 , cp is nilpotent. 


Note that since a = (c + p) + (d — p) and a ^ Wq-{A) = -4T 1 + T” 1 ( 0 ), 
p ^ T _ 1 (0). Let 0 7 ^ g = 7~(p) G B*. Then, gT(c) = T(c)q , T(c) + g G B ' 1 
and T(c)g is nilpotent. Thus, T(c) is Drazin invertible but not invertible 
(g yl 0), which implies that c ^ J-yGA). However, since d G T _ 1 (0), a ^ 

T t {A). 
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(xi) . Apply an argument similar to the one used in the proof of statement 
(x). 

(xii) . Since A “ 1 C BB^\A), suppose that a G A KV \ A~ x . According to 
m Theorem 6.4], there is p G A* such that pa = ap, a + p G A 1 and 
a = x + y, where y = ap G A qml , x = a(l — p), xy = yx = 0 and iGd*. In 
addition, since T(a ) G Bf there is q G B 9 such that qT(a) = T{a)q = 0 and 
T{a) + q G B L ([2B1 Lemma 3]). Now well, if q — 0, then by [21, Theorem 
2.4] a G Tp{A) fl A KV C Bp (A) C BB A {A). On the other hand, if q ^ 0, 
then according to HU Theorem 3.1], Tip) — q and T(y) = T(a)T(p) = 0. 
Thus, a G BB^(A). 

(xiii)-(xiv). These statements can be easily deduced. 

(xv). Apply statements (xiii)-(xiv). □ 

The following theorem summarizes the basic properties of generalized B- 
Fredholm elements. 

Theorem 3.5. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A ^ B. Then, the following 
statements hold. 

(i) r~\B qnil \ B nil ) C GBT t {A) \ BT r {A). 

[\\] If a, b G GBTt(A) are such that ab — ba G T~ 1 (0), then ab G QBT t[A) . 

(iii) If a G GBWr{A), then a n G QBWt{A) for every n G N. 

(iv) If a G GBBr{A), then a n G QBBpiA) for every n G N. 

(v) GBW T {A) \ WriA) c GBT t {A) \ T t {A). 

(vi) GBBriA) \ B T (A) c QBT r iA) \ T t (A). 

(vii) cr gBVVT ia ) = flcer-Ho) a ^( a + c ) ( a e A). 

(viii) ogBBria) = flcer-Moj^a. a ^( a + c ) ( a e A )- 

(ix) The sets crgBW T ( a ) and crgBB T (a ) are closed (a E A). 

Proof, (i). It follows from the fact that B qnd \ B ml C B KV \ B v . 

(ii) . Apply [T7] Theorem 5.5]. 

(iii) -(iv). These statements can be proved using an argument similar to the 
one in Theorem I3.4f viii) and Theorem I3.4f ixh respectively. 

(v)-(vi). Apply an argument similar to the one in Theorem 13. 4f x)-(xi). using 
PU Theorem 3.1] instead [28] Proposition 1(a)]. 

(vii)-(viii). These statements can be easily deduced. 

(ix). Apply statements (vii) and (viii). □ 

4. Perturbations of B-Fredholm elements 

To prove the main results of this section, some preparation is needed. 
Given S C A, the commuting perturbation class of S, is the set 

Pcommi 1 S') {a G A ■ S T comm "(a} C >8}, 

where, if H, K C A 

H +comm K — {c + d : (c, d) G H x K, cd = dc}. 
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Let A and B be two unital Banach algebras and consider the homomor¬ 
phism T: A B. Given K C B, it is not difficult to prove that 

(4.1) T-\P comm (K)) c Pcomm(T-\K)). 

In particular, T _1 (P comm {B' D )) C P cmnm {T~ 1 {B' D )) = P comm (BP T (A)). More¬ 
over, it is clear that T _ 1 (Poly _ 1 ({0})) = Poly _ 1 (T _ 1 (0)). Also, if Ad, Ad C 
A are such that K\ D K 2 7 ^ 0 then 


(4.2) Pcomm (Ad) n Pcomm (Ad) C Pcomm (AdnAd). 

On the other hand, it is well known that b G A qnd if and only if for every 
a G A which commutes with b there is the equivalence: 

(4.3) a G A _1 a + b G A~\ 


that is, 

(4.4) a ^ A~ l a + b <£ A" 1 . 

The equivalences (14.3p and (I4.4p hold also if A~ 1 is replaced by or 
bright- Consequently, 

A qnd = Pcomm {.A 1 ) = P CO mm(A le \ t ) = P > comm (M ri gj lt ), 

and also, 

(4.5) A qnil = Pcomm {A \ A" 1 ) = Pcomm(A \ A^) = P C omm{A \ ^dght)' 

In first place, a preliminary result is considered. 


Proposition 4.1. Let A be a unital Banach algebra and consider an algeraic 
element a G A. Then, a G A qml if and only if a is nilpotent. 


Proof. Every nilpotent element is quasinilpotent. On the other hand, if a G 
A qnd , then let P G C[X] be the minimal polynomial such that P(a) = 0. 
It is well known that a(a) = P _ 1 ({0}). Since a (a) = {0}, there must exist 
fcGN such that P( X) = X k . Consequently, a is nilpotent. □ 

In the following theorem the commuting perturbation class of A v and 
A KV will be considered. 


Theorem 4.2. Let A be a unital Banach algebra. Then, 

(i) A nil C P comm {A v ) C Poly-'dO}). 

(ii) A qnd C Pcomm{A KV ). 

(hi) A nil CP comm (A v \A~ 1 ). 

(iv) A qnd C P comm (A KV \ A' 1 ). 

Proof, (i). Let b G A nd and a G A v such that ab = ba. Since b G A v and 
b d = 0, according to [[23, Theorem 3], a + b G A v . In order to prove the 
remaining inclusion, suppose that b G P CO mm(A v ). The elements Al(= A) 
are Drazin invertible and commute with b for every A G C. Therefore, 
b + A G A v for every A G C. In particular, ax>(b) = 0. Therefore, according 
to [ 6 [ Theorem 2.1], b is algebraic. 

(ii). It follows from [293, Theorem 8 ] and from the fact that b D = 0 if b G 
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(iii) . Since A nd C P CO mm{A v ) and A nil C = P comm (Al \ A x ) (identity 
(SISD), apply ®2D to obtain C P comm (^l :D D (Al \ AH 1 )) = P CO mm{A D \ 

A- 1 ). 

(iv) . It follows from (ii), (14. 5 p and (14.21) . □ 

Corollary 4.3. Let A be a unital Banach algebra. Then 

(4.6) Poly _1 ({0}) n A qnil C P„(^). 

Proof. Apply Proposition 14.11 and Theorem 14.21 (i). □ 

Remark 4.4. Let A be a unital Banach algebra.Then, the following state¬ 
ments hold. 

(i) A™ \ A^ = A™ \ = A™ \ A-K 

(ii )^\A4 = ^\AL« = -4 B \-4- 1 - 

(iii) A KV n Ti = A KV n A^x = A- 1 . 

(iv) AP n A£ = -4® n Tight = A-'. 

To prove statement (i), note that A Kv \ C A KV \ A~ 1 and A 1 D \ 

AlL 2 dV® \-4V Now suppose that a G A KV \ A 1 . Then 0 G isocr(a) 
( [Tfl Theorem 4.2]). It follows that 0 is a boundary point of a(a) and hence, 
it belongs to the left and also to the right spectrum of a. This implies that 
a *4.]^ and a f Af^. In particular, a G A KV \ .4^ fl A KD \ AlG) ht . 
Therefore, AF V \ A _1 C A KV \ .A]^ ft A KV \ ^ght- 

Statement (ii) can be proved using an argument simimilar to the one 
developed in the previous paragraph. 

Statement (iii) (respectively statement (iv)) can be easily derived from 
statement (i) (respectively statement (ii)). 

Next algebraic (nilpotent) elements will be characterized using the Drazin 
spectrum. 

Theorem 4.5. Let A be a unital Banach algebra and consider d G A qnd . 
Then the following statements are equivalent: 

(i) The element d is algebraic. 

(ii) Given a G A, ad = da implies that or?(a + d) = <Jv{a). 

Proof. If d is algebraic, then according to Proposition 14.11 d G A nd , which 
is equivalent to — d G A nd . According to Corollary 14.31 d, — d G P C ommfA v ) . 
Let a G A such that ad = da. If A G C is such that A ^ ox>(a), then a — A G 
A v , and since d G P C omm{AP ), a + d —A G A v . In particular, A f a v (a + d). 
To prove the reverse, apply the same argument to — d G P C omm(A v ) , a + d 
and A ^ <j£>(a + d). 

Conversely, if a = 0, then a v (d) = (j£>(0) = 0. However, according to [6], 
Theorem 2.1], d is algebraic. □ 

In the following theorem the commuting perturbation class of (general¬ 
ized) B-Fredholm elements will be considered. 

Theorem 4.6. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —>■ B. Then, 

(i) M t {A) C P comm (BF T (A)) C T _1 (Poly _1 ({0}). 
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(ii) Ur(A) C P C omm(Gt3T T (A)). 

(iii) Mt{A) c P_(B.F r (.4) \ J- r (^)). 

(iv) H T {A) c PcommiQBTriA) \ Fr{A)). 

Proof, (i). According to Theorem 14.21 (i) and (14.11) . 

A f r (A) C T^ 1 (P comm (B v )) C P comm (T~\B v )) = P comm (BT r (A)). 

Let a G P CO mm{BIFr(A)). Then for every A G C, a + A G BJ r r(Al), equiva¬ 
lently, T(a) + A G B®. However, according to [ 6 j Theorem 2.1], T(a) G B is 
algebraic. 

(ii)-(iv). Apply Theorem 14.2lf ii)-(iv) and use an argument similar to the one 
in the proof of statement (i). □ 

Corollary 4.7. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —$■ B. Let a G BHr(A) 
and b G Afr(A) such that ab — ba G T _ 1 (0). Then, a + b G BHr(A). In 
particular, a B r T (a + b) = a B r T (a). 

Proof. Apply Theorem [4721 (i). □ 

Corollary 4.8. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —» B. If a G Hr (A) and 
T(a) G B is algebraic, then a G P comm {BIFr(A)). 

Proof. According to Corollary 14.31 T(a) G P comrn (B v ). Therefore, a G T -1 ( 
Pcom m (B V )) c P CO m m {T-\B h )) = P comm {BT T {A)). □ 

Under the same assumptions in Corollary 14.81 note that if a G A is 
algebraic and a G Hr (A), then T(a) G P C omrn{B v ). 

Let A and B be two unital Banach algebras and consider a (not neces¬ 
sarily continuous) homomorphism T : A —> B. Recall that according to [31], 
Theorem 10.1], the following statements are equivalent: 

(i) The element d G Hr (A). 

(ii) If a G A is such that ad — da G T _ 1 (0), then o> r (a) = crj- r (a + d ). 

(iii) If a G A is such that ad = ad, then ar T ( a ) = &r T (a + d). 

(iv) CE r (d) = { 0 }. 

In the following theorem, a similar result for the B-Fredholm spectrum 
will be considered. 

Theorem 4.9. Let A and B be two unital Banach algebras and consider a 
(not necessarily continuous) homomorphism T : A —)• B. Let d G Hr (A). 
Then, the following conditions are equivalent. 

(i) T(d) is algebraic. 

(ii) If a G A is such that ad — da G T~ 1 (0), then cr B r T {a + d) — cr B r T ( a ))- 

(iii) If a G A is such that ad = da, then (r B r T { a + d) = (r B r T { a ))■ 

(iv) or B r T (d) = 0. 

Proof. (i)^=>(ii). Apply Theorem 14.51 

(ii) =^(iii). It is obvious. 

(iii) =>(iv). Consider a = 0. Then, cr B r(d) = a B r( 0) = 0. 

(iv) =^(i). Apply Theorem I3.2f iv). 


□ 
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5. Perturbations of (generalized) B-Fredholm elements with 

EQUAL SPECTRAL IDEMPOTENTS 

To prove the main results of this section, some prepartion is needed first. 

Let A be a unital Banach algebra and consider a G A K:D . Let p = 1 —a D a. 
If a G A -1 , then p — 0, but if 0 G iso a (a), p is the spectral idempotent of 
a corresponding to 0 and it will be written p = aT . Note that ap = pa, 
ap G A qnd , a(l — p),a D G ((1 — p)A{ 1 — p )) _1 and a D is the inverse of 
(1 — p)a in the algebra (1 — p)A( 1 — p) ([26]). 

Remark 5.1. Let A and B be two unital Banach algebras and consider a 
(non necessarily continuous) homomorphism T: A —> B. 

(a) . Let a G A such that T(a) G B KV . Let T(a) 7r = q and suppose that 
there exist p G A* such that Tip) — q and w G (1 — p)A(l — p) such that 
T(w) = T(a) D = ((1 — q)T(a)(l — g))” 1 G ((1 — q)B{l — g)) _1 ( [III Theorem 
4.2]). Then, it is not difficult to prove the following statements. 

(i) (1 — p)aw = 1 — p + Ci and wa( 1 — p) = 1 — p + c 2 , where q G T _1 (0) D 
(1 ~P)A{1 — p), i — 1,2. 

(ii) If w' G (1 — p)A(l — p) is such that Tiw') = T{a) D , then w' — w G 
T _1 (0) fl (1 — p)A{ 1 — p). 

(b) . Suppose in addition that T : A —* B is surjective and has the lifting 
property and consider a G A as before, i.e., T{a) G B KV and T(a) 7r = q . 
In particular, there exist p G A* such that Tip) — q and z G A such that 
T(a) D = T(z). However, since T(a) D G (1 — q)B{l — q), it is possible to 
choose z G (1 — p)A{l — p). 

The results of Remark 15.11 will be used in what follows. 

Proposition 5.2. Let A and B be two unital Banach algebras and consider 
a (non necessarily continuous) homomorphism T: A —>■ B. Let a\ G A such 
that T(ai) G B KV and T(a\ Y = q. Suppose that there exist p G A* and 
Wi G (1 — p)A(l — p) such that Tip) — q and T{w\) = T(ai) D . Let a 2 G A 
and define z — 1 + T(ai) D T(a 2 — ai). Then, the following statements hold. 

(i) The element z G B" 1 if and only if p + W\a 2 G Tr[A). 

(ii) Suppose that T(a 2 )T(ai) n = T(ai) ,r T(a 2 ). Then, z G Bif and only 
p + Wia 2 (l — p) G Tt(A). 

Proof, (i). Note that z G B -1 if and only if 1 + T(wi(a 2 — a i)) G B _1 . Since 
T(tfiai) = T(uiiai(l — p)) = 1 — q, necessary and sufficient for 0 G B~ l is 
that q + T(wia 2 ) G B -1 , which in turn is equivalent to p + W\a 2 G Tt(A). 
(ii). Since T{af) and T{a 2 ) commute with q, z G B if and only if 1 — q + 
T(wi(a 2 — ai)(l — p)) G ((1 — q)B(l — q))^ 1 - Now, using an argument similar 
to one in the proof of statement (i), it is not difficult to prove that z G B 
if and only if p + tc 1 a 2 (l — p) G Tr{A). □ 

In the following theorems, (generalized) B-Fredholm elements that have 
the same spectral idempotents relative to the homomorphism T will be 
characterized. 

Theorem 5.3. Let A and B be two unital Banach algebras and consider 
a (non necessarily continuous) homomorphism T : A —> B. Suppose in 
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addition that T: A —>■ B is surjective and has the lifting property. Let 
ai G QBTr{A) and consider p G A* such that T(p) = T(ai) 71 ". Then, 
the following statements are equivalent. 

(i) a 2 £ QBT t {A) and T(ai) 7r = T(a 2 ) 7r . 

(ii) pa 2 (l — p) and (1 —p)a 2 p £ T _1 ( 0), pa 2 p £ Tip (A) andp + a 2 G Tq-{A). 

(iii) pa 2 (l—p) and (1 —p)a 2 p G T _1 (0), pa 2 p G IZr(A) andp+Wia 2 (l— p) G 
Ft{A), where W\ G (1 — p)A{l — p) is such that T{wf) = T(ai) r> . 

(iv) a 2 G QBTr{A), p + w\a 2 G Tp(A) and w\ = (p + w\a 2 )w 2 + c, where 
w\ is as in statement (iii), vj 2 G A is such that T(w 2 ) = T(a 2 ) D and 
c G T -1 (0). 

Proof. Apply Proposition 15.21 to [261 Theorem 2.2] and note the following 
fact (statement (iv)). 

According to the proof of Proposition I5.2f i). the identity 
T(a 2 ) D = (1 + T( ai ) D T{a 2 - a 1 ))~ 1 r(a 1 ) D 

is equivalent to 

(q + T{w 1 a 2 ))T{w 2 ) = T(wi), 

which in turn is equivalent to W\ — (p + w\a 2 )w 2 + c, c G T _1 (0). □ 

Remark 5.4. Under the same hypothesis of Theorem 15.31 let a 2 G A be 
such that a 2 G QBTr^A) and T(ai) 7r = T(a 2 ) n . 

(i) In particular, w 2 G (1 — p)A{l — p) and 

wi = (p + w 1 a 2 )w 2 + c = w±a 2 w 2 + c = vj i(l - p)a 2 (l - p)w 2 + c, 

where c G T^ 1 (0) D (1 — p)A(l — p). 

(ii) Consider again the identity 

T(a 2 ) D = (1 + T(a 1 ) D T(a 2 - a^Tia,) 0 . 

It is not difficult to prove that 

T(w 2 oi (1 -p))T(wia 2 {l ~p)) = T(u>ia 2 (l - p))T{w 2 a 1 (l - p)) = 1 - q. 

However, since z = q + T{w\a 2 {l — p)) (Proposition l5.2f iiU. z = q + 
T(w 2 a i(l -p)). 

In particular, 

T(a 2 ) D = (1 + T{ ai ) D T{a 2 - a^)- 1 ^) 0 

is equivalent to w 2 = w 2 ai(l — p)w i + d, d G T^ : (0) D (1 — p)A{l — p). 

In the next theorem B-Fredholm elements that have the same spectral 
idempotents relative to the homomorphism T will be characterized. 

Theorem 5.5. Let A and B be two unital Banach algebras and consider 
a (non necessarily continuous) homomorphism T\ A —> B. Suppose in 
addition that T : A —>■ B is surjective and has the lifting property. Let 
a\ G BJ-'t(A) and consider p G A* such that T(p) = T(ai) ,r . Then, the 
following statements are equivalent. 

(i) a 2 G BTr{A) and T(ai) n = T(a 2 ) n . 

(ii) pa 2 (l— p) and (1 —p)a 2 p G T” 1 (0), pa 2 p G Nr (A) andp + a 2 G Tr{A). 
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(iii) pa 2 {l — p) and (1— p)a 2 p G T _1 (0), pa 2 p G A fr{A) andp+Wia 2 (l— p) G 
Tr{A), where w\ G (1 — p)A( 1 — p) is such that T{wf) = T(ai) d . 

(iv) a 2 G BTq-(A), p+Wia 2 G Tq-(A) andwi = {p+w\a 2 )w 2 +c, where is 
as in statement (iii), w 2 G A is such that T(w 2 ) = T(a 2 ) d and c G T _1 (0). 

Proof. The same arguments in Remark l5.ll Proposition l5.2l and Theorem 15.31 
apply to the case of B-Fredholm elements using nilpotent elements instead of 
quasi-nilpotent elements. What is more, when considering Drazin invertible 
Banach algebra elements, statements similar to the ones in [26] Theorem 2.2] 
hold, if nilpotent elements instead of quasi-nilpotent elements are used. □ 

Recall that in Theorem I3.5f ii) (respectively Theorem l3.4f viiP conditions 
assuring that the product of two generalized B-Fredholm elements (respec¬ 
tively two B-Fredholm elements) is generalized B-Fredholm (respectively 
B-Fredholm) were given. In the following theorem more information con¬ 
cerning this problem will be given. 

Theorem 5.6. Let A and B be two unital Banach algebras and consider 
a (non necessarily continuous) homomorphism T : A —>■ B such that T is 
surjective and has the lifting property. Let ai G QBTr(A), i — 1,2, such 
that T(a\Y = T(a 2 y = q and a\a 2 — a 2 fli G T” 1 (0). Let p E A* such 
that Tip) = q. Then, aia 2 G QBTq-(A), T(aia 2 y = q and if W\ , w 2 and 
W\ 2 G (1 — p)A{l —p) are such that T(w 1 ) = T(ai) D , T(w 2 ) = T(a 2 ) D and 
T(w\ 2 ) = T(aia 2 ) D , then w\ 2 = w 2 wi + c, c G T -1 (0). 

Proof. According to Theorem I3.5f ii). dia 2 G QBTq-(A). Moreover, since 
T(ai),T(a 2 ) G B and T(cti)T(a 2 ) = T(a 2 )T(ai), according to [T7, The¬ 
orem 5.5], T(aia 2 ) D = T(ai) D T(a 2 ) D = T(a 2 ) D T(ai) D . Further, since 
T{a x y = T{a 2 y = q, 

T(aia 2 y = l-T(aia 2 )T(aia 2 ) D = l-T(ai)T(a 2 )T(a 2 ) D T(a l ) D 
= 1 - T(aO(l - q)T( ai ) D = 1 - (1 - g)T(a 1 )T(a 1 ) ZJ 
= i-(i-g)(i-?) = i-(i-g) 

= q- 

Since T(aia 2 ) D = T(a 2 ) D T(ai ) D , T(a±a 2 ) D = T(w 2 )T(w 1 ). Conse¬ 
quently, w\ 2 = w 2 w\ + c, c G T -1 (0). □ 

Acknowledgements. The first and third authors are supported by the 
Ministry of Education, Science and Technological Development, Republic 
of Serbia, grant no. 174007. 


References 

[1] H. Baklouti, 7” -Fredholm analysis and applications to operator theory , J. Math. 
Anal. Appl. 369 (2010), 283-289. 

[2] M. Berkani, On a class of quasi-Fredholm operators , Integral Equations Operator 
Theory 34 (1999), 244-249. 










16 M. D. CVETKOVIC, E. BOASSO, AND S. C. ZIVKOVIC-ZLATANOVlC 

[3] M. Berkani, Index of B-Fredholm operators and generalization of a Weyl’s theorem, 
Proc. Amer. Math. Soc. 130 (2002), 1717-1723. 

[4] M. Berkani and M. Sarih, An Atkinson-type theorem for B-Fredholm operators, 
Studia Math. 148 (2001), 251-257. 

[5] E. Boasso, Drazin spectra of Banach space operators and Banach algebra elements, 
J. Math. Anal. Appl. 359 (2009), 48-55. 

[6] E. Boasso, The Drazin spectrum in Banach algebras , An Operator Theory Summer: 
Timisoara June 29-July 4 2010, International Book Series of Mathematical Texts, 
Theta Foundation, Bucharest, 2012, 21-28 

[7] E. Boasso, Isolated spectral points and Koliha-Drazin invertible ele¬ 
ments in quotient Banach algebras and homomorphism ranges , submitted; 
http://arxiv.org/abs/1403.3663, 

[8] D. Djordjevic, Regular and T-Fredholm elements in Banach algebras , Publ. Inst. 
Math. (Beograd) (N.S.) 56 (70) (1994), 90-94. 

[9] M. P. Drazin, Pseudo-inverses in associative rings and semigroups , Amer. Math. 
Monthly 65 (1958), 506-514. 

[10] J.J. Grobler and H. Raubenheimer, Spectral properties of elements in different 
Banach algebras , Glasgow Math. J. 33 (1991), 11-20. 

[11] R. Harte, Fredholm theory relative to a Banach algebra homomorphism , Math. Z. 
179 (1982), 431-436. 

[12] R. Harte, Fredholm, Weyl and Browder theory , Proc. R. Ir. Acad. 85A (1985), 
151-176. 

[13] R. Harte, Regular boundary elements , Proc. Amer. Math. Soc. 99 (1987), 328-330. 

[14] R. Harte, Fredholm, Weyl and Browder theory II, Proc. R. Ir. Acad. 91A (1991), 
79-88. 

[15] R. Harte and H. Raubenheimer, Fredholm, Weyl and Browder theory III, Proc. R. 
Ir. Acad. 95A (1995), 11-16. 

[16] C. King, A note on Drazin inverses, Pacific J. Math. 70 (1977), 383-390. 

[17] J. J. Kolilia, A generalized Drazin inverse, Glasgow Math. J. 38 (1996), 367-381 

[18] V. Kordula and V. Muller, On the axiomatic theory of spectrum, Studia Math. 119 
(1996), 109-128. 

[191 R. A. Lubansky, Koliha-Drazin invertibles form a regularity, Math. Proc. Roy. Ir. 
Acad. 107A (2007), 137-141. 

[20] T. Mouton and H. Raubenheimer, Fredholm theory relative to two Banach algebra 
homomorphisms, Quaest. Math. 14 (1991), 371-382. 

[21] H. du T. Mouton and H. Raubenheimer, More on Fredholm theory relative to a 
Banach algebra homomorphisms, Math. Proc. R. Ir. Acad. 93A (1993), 17-25. 

[22] H. du T. Mouton, S. Mouton and H. Raubenheimer, Ruston elements and Fredholm 
theory relative to arbitrary homomorphisms, Quaest Math. 34 (2011), 341-359. 

[23] V. Muller, On the Kato-decomposition of quasi-Fredholm and B-Fredholm operators, 
Preprint ESI 1013, Vienna, 2001. 

[24] V. Muller, Spectral theory of linear operators and spectral systems in Banach alge¬ 
bras, Operator Theory, Advances and Applications 139, Birkhauser Verlag, Basel- 
Boston-Berlin, 2007. 

[251 V. Rakocevic, A note on reqular elements in Calkin alqebras , Collect. Math. 43 
(1992), 37-42. 

[26] V. Rakocevic, Koliha-Drazin invertible operators and commuting Riesz perturba¬ 
tions, Acta Sci. Math. (Szeged) 68 (2002), 953-963. 

[27] V. Rakocevic, Koliha-Drazin inverse and perturbations, Rend. Circ. Mat. Palermo 
(2) Suppl. 73 (2004), 101-125. 

[28] S. Roch, B. Silbermann, Continuity of generalized inverses in Banach algebras, 
Studia Math. 13 (1999), 197-227. 



GENERALIZED B-FREDHOLM ELEMENTS 


17 


[29] G.F. Zhuang, J.L. Chen, D.S. Cvetkovic-Ilic and Y.M. Wei, Additive property of 
Drazin invertibility of elements in a ring , Linear Multilinear Algebra 60 (2012), 
903-910. 

[30] S. C. Zivkovic-Zlatanovic and R. Harte, On almost essentially Ruston elements of 
a Banach algebra, Filomat 24 (2010), 149-155. 

[31] S. C. Zivkovic-Zlatanovic, D. S. Djordjevic and R. Harte, Ruston, Riesz and per¬ 
turbation classes, J. Math. Anal. Appl. 389 (2012), 871-886. 

[32] S. C. Zivkovic-Zlatanovic, D. S. Djordjevic and R. Harte, Polynomially Riesz per¬ 
turbations, J. Math. Anal. Appl. 408 (2013), 442-451. 

UNIVERSITY OF NIS, FACULTY O SCIENCES AND MATHEMATICS, 

VISEGRADSKA 33, P.O. BOX 224, 18000 NIS, SERBIA 

E-mail address: milosCvetkovic83@gmail.com 

E-mail address: enrico_odisseo@yahoo.it 

UNIVERSITY OF NIS, FACULTY O SCIENCES AND MATHEMATICS, 

VISEGRADSKA 33, P.O. BOX 224, 18000 NIS, SERBIA 

E-mail address: mladvlad@open.telekom.rs 



